Abstract-The time-frequency (TF) version of the wavelet transform and the "affine" quadraticlbilinear TF representations can be used for a TF analysis with constant-Q characteristic. This paper considers a new approach to constant-Q TF analysis. A specific TF warping transform is applied to Cohen's class of quadratic TF representations, which results in a new class of quadratic TF representations with constant-Q characteristic. The new class is related to a "hyperbolic TF geometry" and is thus called the hyperbolic class (HC). Two prominent TF representations previously considered in the literature, the Bertrand Po distribution and the Altes-Marinovic Q-distribution, are members of the new HC. We show that any hyperbolic TF representation is related to both the wideband ambiguity function and a "hyperbolic ambiguity function." It is also shown that the HC is the class of all quadratic TF representations which are invariant to "hyperbolic time-shifts" and TF scalings, operations which are important in the analysis of Doppler-invariant signals and self-similar random processes.
I. INTRODUCTION UADRATIC
time-frequency representations (QTFR's) are useful in the analysis of nonstationary signals [l] . This paper discusses a new class of "constant-Q" QTFR's. By way of introduction, and to establish the notation used, we first give a brief review of two basic QTFR classes. In the following, let x ( t ) be a signal with Fourier transform X ( f ) = jYm x(t)e-'2*fr dt.
Q
Manuscript received September 8, 1992; revised May 5, 1993 . The Guest Editor coordinating the review of this paper and approving it for publication was Dr. Patrick Flandrin. This work was supported in part by Office of Naval Research under Grants N00014-89-J-1812 and N00014-92-J-1499 and in part by the Fonds zur Forderung der wisaenschaftlichen Forschung under Grants P7354-PHY and J0530-TEC.
A . Papandreou and G . F. Boudreaux- 
A. Cohen 's Class and Constant-Bandwidth TimeFrequency Analysis
Many important QTFR's are members of Cohen 's class with signal independent kernels' [ 11-[4] which contains all QTFR's T ("(t, f ) satisfying the time-shift and frequency-shift invariance properties* Here, the time-shift operator S, and the frequency-shift operator X u are defined by (S,X)(f) = e -j Z T r f X ( f ) and (nZ,X)(f) = X ( f -v), respectively. It is well known that any QTFR of Cohen's class can be written as3 For the sake of notational simplicity, we shall usually consider quadratic auto-representations TkcF '(t, f ) only. The extension to bilinear crossrepresentations T:, b(f, f ) is straightforward, e.g., TkCb(r, f ) = jrm jrm $:"(I -r ', r)ux Y ( t ', r)e-''=" dt ' dr with I A~,~(~? r ) = x ( t + r/2).v*(t -r/2). Also, since most signal transforms relevant to our discussion are best formulated in the frequency domain, we shall typically denote signals by their Fourier transforms, e.g., we write T F ' ( t , f ) rather than T ; " ( t , f ) . with the "signal products"
The squared magnitude of the wavelet transform (known as the scalogram) [6] can be written in terms of the WD as . Wx(t ', f ') dt ' df' tional and inversely proportional, respectively, to the analysis frequency f. This type of "affine smoothing" reand the (narrowband) ambiguity function (AF) sults in a constant-Q TF analysis. The aflne class of QTFR's [6]-[9] is obtained by generalizing (8) as AX(7, v) = jm -m ux(t, 7)e-J2*"f dt
ux(t, 7) .(t + ; ) . * ( I -
The "kernels" +$')(t, T), +$"(f, v), $$"(t, f), and \k',''(~, v) are interrelated by Fourier transforms in exactly the same way as are the corresponding quadratic signal representations ux(t, T ) , U,( f, v), Wx(t, f ) , andAx(7, v) 141. Any of the four kernels uniquely characterizes the QTFR T"'.
The time-frequency (TF) shift invariance property (1) underlying Cohen's class implies a type of TF analysis where the QTFR's analysis characteristics do not change with time t and frequency f. In particular, all TF points ( t , f ) are analyzed with the same time resolution and the same frequency resolution. This is similar to the constantbandwidth analysis achieved by the short-time Fourier transform, where the analysis bandwidth does not depend on the analysis time or analysis frequency. In fact, the squared magnitude of the short-time Fourier transform (known as the spectrogram) is a member of Cohen's class 111, 131.
B. The Aflne Class and Constant-Q Time-Frequency Analysis
An alternative to the constant-bandwidth analysis achieved by the short-time Fourier transform and QTFR's of Cohen's class is provided by the wavelet transform and the afine class of QTFR's.
The TF version of the wavelet transform (WT) is a lin-
ear TF representation defined as [l], [5]
where the analysis wavelet y ( t ) is a bandpass function with center frequency f r . For the wavelet transform, the analysis bandwidth is proportional to the analysis frequency f, i.e., the quality factor Q = center frequency t bandwidth is independent of the analysis frequency (' 'constant-Q analysis").
where $y'(a, 0) is a two-dimensional kernel function. If this kernel is a sufficiently smoothed function concentrated about 0 = 1, then (9) results in an affine smoothing of the WD, just as in the case of the scalogram in (8). The affine QTFR class can alternatively be defined as the class of all QTFR's that are invariant to time-shifts and TF scalings, i.e.,
T & ( t , f )
with the time-shift operator S, as before and the TF scal- An alternative approach to constant-Q analysis has been proposed by Altes in [ 131. A specific T F warping is used to convert the WD into a "wideband WD" called the Q-distribution. This approach, which is also closely connected with the TF scaling operator e,, will be further considered in Section 11.
C. The Hyperbolic Geometry
The scaling operator e, is intimately related to a "hyperbolic TF geometry" H,(f) and the hyperbolic time-shift operator D< (see Table I ) both correspond to a hyperbola r = c/fin the TF plane. The family of hyperbolae I = c/fcovers the entire TF plane as the hyperbolic parameter c varies from
sider the hyperbolic impulse [ 141 defined in the frequency domain as where U (f) is the unit step andf, > 0 is a fixed reference frequency. The hyperbolic impulse is an analytic signal with spectral energy density I H, (f) 1 = (1 /f ) U ( f ), and its group delay corresponds to a hyperbola t = c/fin the TF plane (see Fig. 1 ). The parameter c E 2< determines the shape of the hyperbola and will be called hyperbolic parameter. We emphasize that this hyperbolic parameter cannot be interpreted as a scale parameter.
The hyperbolic impulse naturally arises in the context of TF scalings since it is an eigenfunction of the TF scaling operator e, [ 151, ( e , H , > ( f ) 
In other words, the scaling operator does not affect the hyperbolic impulse H, ( f ) except for a constant phase factor. This shows that the hyperbolic impulse is a "Doppler-invariant'' signal similar to the signals used by bats and dolphins for echolocation [ The hyperbolic time-shift operator Dc can be interpreted as an allpass LTI system with frequency response exp (-j2nc In (f/fJ) and hyperbolic group delay ~( f ) = c / f (see Fig. 1 ). Thus, signal components at low frequencies are delayed more than high-frequency Components. The operator 9, is "matched" to the TF scaling operator e, in that it commutes with e, up to a phase factor, i.e., (3, eax) (f) = ~X P ( -j 2~c In a) ( e a DcX) (f).
This is analogous to the commutation property (Sr3n,X)(f) = e~' * " ' " ( n t , S , X ) ( f ) ofthe time-shift operator S, and the frequency-shift operator 3n, underlying Cohen's class. In contrast to the operator Dc, the conventional time-shift operator S, does not commute with the scaling operator ea up to a phase factor. This causes a structural difference between the wavelet transform and the short-time Fourier transform, between the affine class and Cohen's class, and between the wideband ambiguity function [12] (see Section 11-C) and the narrowband AF (6).
The hyperbolic time-shift operator is furthermore matched to the hyperbolic impulse H,(f). In fact, subjecting a hyperbolic impulse to a hyperbolic time-shift results again in a hyperbolic impulse but with a different hyperbolic parameter c, The TF scaling operator e,, the hyperbolic impulse H , ( f ) , and the hyperbolic time-shift operator 33, are the basic elements of a "hyperbolic TF geometry" which has been described before by several authors. Besides, the hyperbolic geometry has been shown to be relevant to certain recent definitions of quadratic signal representations with interesting properties. These signal representations are typically not members of the affine class, although they are related to TF scaling operations and partly related to constant-Q analysis. They comprise the @distribution introduced by Altes [ 131, and the scaleinvariant WD4 and scale-invariant AF, both of which have been introduced by Marinovic [18] . A related class of quadratic signal representations has been defined and studied by Flandrin in the context of self-similar signals [lo] .
D. Survey of Paper
The Q-distribution introduced by Altes in [13] is obtained by subjecting the WD to a specific TF warping procedure. In this paper, we are proposing a similar warping procedure for mapping Cohen's class of "constant-bandwidth" QTFR's into a new class of "constant-Q" QTFR's. This results in a new approach to constant-Q analysis which is not equivalent to the affine class. The new QTFR class is intimately related to the hyperbolic 4The scale-invariant WD is the TF-dual of the Q-distribution, in the sense that it is defined in terms of the time-domain signal whereas the Q-distribution is defined in terms of the signal's Fourier transform. Exponential frequency warping operator (W-'X)(f) = ,/+ X ( fr lnfr-( S T X ) ( f ) = e-jz*rf ~( f ) ( C J ) ( f ) = 4: X ( 6) TF geometry described above, and is hence called the hyperbolic class (HC). We will show that the HC comprises all QTFR's that are invariant to TF scalings and hyperbolic time-shifts, and that it is structurally analogous to Cohen's class. Two prominent QTFR's, the Bertrand Po distribution and a TF version of the Altes Q-distribution, are members of the HC. While the HC is not equivalent to the affine QTFR class, it does provide a pertinent framework for constant-Q TF analysis, and is thus related conceptually to the wavelet transform and the affine class. Also, we stress that the HC and the affine class overlap, i.e., there exist QTFR's that are invariant to time-shifts, TF scalings, and hyperbolic time-shifts, and thus belong to both classes simultaneously [16] , [19] . In particular, the Bertrand Po distribution [8] is a member of both the HC and the affine class.
The paper is organized as follows: In Section 11, we define the HC by applying a "constant-Q warping procedure" to QTFR's of Cohen class. We derive a description of hyperbolic QTFR's in terms of two-dimensional kernel functions, and discuss the HC's relation to the wideband ambiguity function and a "hyperbolic ambiguity function." Section I11 shows that the HC can be axiomatically defined as the class of QTFR's which are invariant to hyperbolic time-shifts and TF scalings. Furthermore, some signal-theoretic fundamentals of the hyperbolic TF geometry on which the HC is based are summarized. In particular, we discuss a hyperbolic signal expansion related to the Mellin transform [8] , [13]-[15] , [18] , [20] .
The warping procedure introduced in Section I1 establishes a one-to-one mapping between Cohen's class and the HC. Any QTFR or any QTFR property of Cohen's class maps into a corresponding QTFR or QTFR property, respectively, of the HC and vice versa. Section IV discusses corresponding QTFR properties and thereby reveals further links of the HC to the hyperbolic TF geometry. Some QTFR's of the HC, which for the most part correspond to well-known Cohen's class QTFR's, are defined and studied in Section V. Finally, Section VI summarizes the main results, describes modified versions of the HC, and briefly comments on some further results on the HC which will be included in Part I1 of this paper 1211.
The definitions of some frequently used symbols are summarized in Table I for easy reference.
11. CONSTANT-Q WARPING AND THE HYPERBOLIC CLASS In [13], Altes proposed a new quadratic signal representation, the Q-distribution, using a mapping that consists of "TF warpings" of the signal and the WD. The Q-distribution has interesting properties (especially "hyperbolic" properties such as a hyperbolic time-shift invariance property and a hyperbolic localization property) and relations with the Mellin transform and the wideband ambiguity function. In this section, we define the HC by applying a similar TF warping mapping to general QTFR's of Cohen's class, thereby providing a systematic procedure to convert a "constant-bandwidth" QTFR into a constant-Q QTFR. An alternative axiomatic definition of the new QTFR class will be discussed in Section 111.
A. Constant-Q Warping
Given a Cohen's class QTFR Tic'(t, f ) , we wish to derive a new QTFR Tx(t, f ) with constant-Q characteristic, conceptually similar to the wavelet transform or its squared magnitude, the scalogram. To this end, we use a "constant-Q warping" procedure [22] consisting of three steps which are visualized in Fig. 2 . In the following, let x ( t ) be analytic, i.e., a signal whose Fourier transform X ( f) is zero forf < 0.
Step 1: We subject the signal X ( f ) to a logarithmic frequency warping W defined as Fig. 2 . The geometry of constant-Q warping, depicted for (a) f x / f r = 2 and (b) f x / f , = 1 /2. STEP 1 produces a TF displacement and a compressionidilation of duration and bandwidth. STEP 2 is a "constant-bandwidth" TF analysis with given TF concentration, resulting in a broadening that is independent of the TF location. STEP 3 produces a TF displacement and a dilation/compression of duration and bandwidth, both of which are inverse to STEP 1. The final result is a TF representation that displays Step 2: We analyze the TF-warped signal x ( f ) using a given QTFR T"' from Cohen's class. T"' produces a constant-bandwidth TF analysis. However, the signal x(f) has been subjected to the logarithmic frequency warping by which bandwidths are compressed proportional to frequency. Hence, the result of Step 2, T g ) ( t , f ) , is actually a T F analysis where the effective analysis bandwidth is proportional to frequency f , i.e., a constant-Q analysis. On the other hand, due to the time expansion lx = ( f x / f r ) tx and the frequency compression
will display the signal around (tx, f x ) instead of the correct 5Throughout this paper, the inner product is defined as ( X , , X , ) = 1 ; X , ( f ) X : ( f ) df for analytic signals and ( T , . T,) = !?-10" T,(r, f ) 7':(r, f ) dr dffor hyperbolic QTFR's.
TF location ( t x , f x ) . Thus, TF'(r, f )
shows incorrect "absolute TF localization" as shown in Fig. 2 .
Step 3: This incorrect TF localization is finally cor-
The three steps detailed above result in a new QTFR defined for analytic signals X ( f ) . The QTFR Tx(t,f) will produce a constant-Q TF analysis (with correct T F localization) provided that the original Cohen's class QTFR Tbc '(t, f ) can be interpreted as a constant-bandwidth T F analysis (i.e., if Tkc'(t, f ) is a smoothed WD 1231). Note that Tx(t, f ) is only defined for positive frequencies, which corresponds to the frequency support of the analytic signal X ( f ) .
The collection of all QTFR's Tx(t, f ) that are derived from Cohen's class QTFR's Tic' ( t , f ) by the constant-Q warping (1 1) forms a new class of QTFR's with constant-Q characteristic. For reasons that will become apparent in later sections, we shall call this class the hyperbolic class (HC) [ 191, [22] . We note that a generalization of the constant-Q warping of Cohen's class has been proposed in 1241, 12-51.
B. The Normal Forms
Inserting the four "normal forms" (2)- (5) 
C. Relation with the Wideband Ambiguity Function
The HC can also be expressed in terms of a specific symmetric version of the wideband ambiguity function ~1 , The wideband AF is important in the context of the (wideband) Doppler effect. It can be shown that any member of the HC can be written in terms of the wideband AF as A T ( { , P) = im aT(-ln 7, P)e-j2"" d r .
For the AD, A a ( { , 6) = so that [13]
D. The Correlative Domain
We stress that the wideband AF is not equivalent to the hyperbolic AF (19) which occurs in the Normal Form IV (15). The hyperbolic AF can be written as the inner product
Comparing with (22), we see that the main difference is that the wideband AF uses conventional time-shifts S, whereas the hyperbolic AF uses hyperbolic time-shifts The hyperbolic AF is a natural basis for jointly detecting or estimating scale changes and hyperbolic time-shifts in a signal.
The Normal Form IV in (15) 
In particular, the corrtlative dual of the AD is the hyperbolic AF itself, i.e., e x ( { , 6) = BX({: 6).
The transform relating T x ( t , f ) and Tx({, 0) establishes a one-to-one correspondence between the "energetic" HC (considered so far) and a dual "correlative" HC whose members are not TF representations but quadratic signal representations depending on the dimensionless quantities { (the hyperbolic-parameter lag) and P (the scale lag). This duality is analogous to the duality of the "energetic" Cohen's class and a dual "correlative" Cohen's class [ 11,
[4], [23] , [26] , [27] . In fact, any member Tx({, P) of the correlativ? HC can be derived from a corresponding member Tk"(7, v) of the correlative Cohen's class as Thus, we have one-to-one correspondences between the energetic Cohen's class, the correlative Cohen's class, the 4. d{ dp, energetic HC, and the correlative HC, as depicted in Fig. 111 . THE HYPERBOLIC PARADIGM In the previous section, the HC has been introduced by applying a "constant-Q warping" to Cohen's class. The resulting constant-Q characteristic is however not unique to the HC since it is also featured by many affine QTFR's. Rather, the specific structure of the HC is its close relation to the hyperbolic TF geometry considered in Section I-C. This relation will be discussed in this and subsequent sections. We first point out an alternative "axiomatic" definition of the HC.
A . Axiomatic Dejinition of the Hyperbolic Class
Cohen's fixed kernel class can be defined by the two "axioms" (1) of time-shift invariance and frequency-shift invariance, and the HC is derived from Cohen's class via the constant-Q warping (1 1). We now ask how the axioms of Cohen's class are transformed under this warping. Evidently, the transformed axioms will allow an axiomatic definition of the HC.
Using the inverse of (1 l ) ,
where W-' , the inverse of the logarithmic-frequencywarping operator W in (lo), is given by it is easily shown that the time-shift and frequency-shift invariance properties of Cohen's class transform into the following properties of the corresponding hyperbolic QTFR:
The composite operators W-'S,W and W-1312vW, which can be considered the images of the time-shift operator S, and the frequency-shift operator 312, under the logarithmic frequency mapping W , can be shown to be the hyperbolic time-shift operator and the T F scaling operator, respectively, w-'s,w = w-'m.,w = e&,.
Setting c = f r 7 and a = e"/&, we finally obtain the result that the HC properties corresponding to the time-shift and frequency-shift invariances of Cohen's class are the hyperbolic time-shift invariance (previously considered in [16] ) and the TF scale invariance, respectively, as stated by the following theorem whose formal proof is outlined in the Appendix. This means that the HC can be defined axiomatically by the above two invariance properties with respect to the operators 9, and e,, just as Cohen's fixed kernel class can be defined by the time-shift and frequency-shift invariance properties, and just as the affine class can be defined by the time-shift and T F scale invariance properties.
Note that the scale invariance property Teax(t, f) = Tx(at, f l u ) is an axiom of both the affine class and the HC. In fact, the HC differs from the affine class merely by the fact that the conventional time-shift (S,) is replaced by the hyperbolic time-shift (9J.
B. A Hyperbolic Signal Expansion
The fact that the HC is based on the hyperbolic timeshift operator Dc as discussed in the previous section is a first indication of the HC's relation to the hyperbolic TF geometry. To obtain a more complete understanding of this relation, we consider a "hyperbolic signal expansion" [8], [14] , [15] , [18] , [28] which constitutes a signal-theoretic foundation of the hyperbolic TF geometry.
Since the family of hyperbolic impulses He ( f ) with --oo < c < 03 covers the entire T F plane according to --03
Jf
The hyperbolic coeflcient function px(c) is the inner product
The validity of this hyperbolic signal expansion follows easily from the completeness relation This establishes a further strong link of the HC with the hyperbolic paradigm. Note that the hyperbolic signal product ux(c, r) of (16) can now be written as which yields corresponding expressions also for the AD and the hyperbolic AF, Further relations between the HC and the hyperbolic TF geometry will be revealed in the next section, which studies corresponding QTFR properties of Cohen's class and the HC.
IV. PROPERTY CORRESPONDENCES The QTFR mapping (1 1) or, equivalently, the kemel mappings (20), (2 1) establish a one-to-one correspondence between Cohen's class and the new HC, by which any QTFR T'" of Cohen's class is mapped into a QTFR T of the HC. Furthermore, any QTFR property Pee) of Cohen's class maps into a corresponding QTFR property 'In the literature, the Mellin transform is often based on an inner product with weighting function 1 /f, which causes a formal difference from our discussion. If this type of inner product is used, then the hyperbolic impulse H,(f) must be defined without the l/Jffactor. P in the HC, and vice versa, in the sense that a Cohen's class QTFR satisfies property Pee) if and only if the corresponding hyperbolic QTFR satisfies the corresponding property P. Table I1 lists corresponding QTFR properties and the associated kernel constraints for the HC These kernel constraints are identical to the well-known kernel constraints for Cohen's class [ 11 since, according to (20) , (21), the kernels of the two classes are themselves identical up to a scaling by the reference frequency fr.
The study of corresponding QTFR properties provides a means for understanding the structure of the HC, in particular, the HC's relation to the hyperbolic T F geometry. Therefore, some of the correspondences summarized in Table I1 are discussed in the following.
A . Axioms of Cohen 's Class and the Hyperbolic Class
It has been shown in Section 111-A that the time-shift invariance and frequency-shift invariance of Cohen's class (P',') and Pi' ) in Table 11 ) map into the hyperbolic timeshift invariance and scale invariance, respectively, in the HC (PI and P2 in Table 11 ). Thus, the two axioms of Cohen's class map into the axioms of the HC.
B. Identical QTFR Properties in Cdhen's Class and the Hyperbolic Class
The following properties are preserved by the mapping from Cohen's class to the HC: real-valuedness Pi'), energy distribution Pi'), frequency-domain marginal Pi'), unitarity (Moyal's formula) Pi'), group delay Pi'), preservation of frequency support Pi'), and Dirac frequency localization Pb". If a Cohen's class QTFR satisfies any of these properties, then the corresponding hyperbolic QTFR will satisfy this property as well (and vice versa). Note that some of these properties (Pi') and P$"-P$") can be summarized as frequency localization properties.
C. Time Localization Properties
Cohen's class properties that are related to time localization (in particular, properties Pi' ' and P\;)-P{;) in Table 11) map into "hyperbolic" properties. A first example is the time-shift invariance property PI' ) which was shown to map into the hyperbolic time-shift invariance property i.e., shifting the signal's group delay according to a hyperbolic law produces a hyperbolic time shift in the HC QTFR (cf. Fig. 1 
HYPERBOLIC CLASS PROPERTY PIS : timeshift invariance ( s~x ) (~)
= e -j z n r f X ( f ) j Ts,x(t, f) = Tx(t--T, f) ~ Pla: hyperbolic instantan. frequency i.e., integrating the QTFR Tx(t, f ) along a hyperbola t = c/f gives the squared magnitude of the hyperbolic coefficient function px (c) at the respective hyperbolic parameter c. As a further example, the Dirac time localization property Ply) of Cohen's class maps into a "hyperbolic localization property" [8] which says that the QTFR outcome for a hyperbolic impulse H, ( f ) is a Dirac ridge along the corresponding hyperbola t = c/f(cf. Fig. 1 ). Finally, the temporal finite-
HYPERBOLIC CLASS KERNEL CONSTRAINT q T ( C , P ) = &'(P)e-jZrC InG(')
with G 
which means that a finite-support hyperbolic coefficient function p x ( c ) entails a QTFR which is restricted to the corresponding "hyperbolic band" in the T F plane.
These and other property correspondences show the existence of formal correspondences summarized in Table  111 . Note that the "exponential time-shift operator" E, is an allpass LTI system with exponential group delay T ( f ) = ,t?f/fr.
v. SOME MEMBERS OF THE HYPERBOLIC CLASS
Due to the one-to-one mapping between Cohen's class and the HC, any QTFR T"' of Cohen's class is mapped into a QTFR T of the HC. As a result, well-known We note that the power-warp operator 6, can be used to map the affine class to new classes of QTFR's that satisfy scale invariance and generalized time shift invariance 1301.
E. Exponential Time-Shift Invariance
While the conventional time-shift invariance is not a "natural" property inside the HC, there do exist hyperbolic QTFR's that satisfy the time-shift invariance property (e.g., the Bertrand Po distribution [ S I ) . These QTFR's are simultaneously members of the HC and the affine QTFR class; in fact, they form the intersection of the two classes This section considers some specific QTFR's of the HC. We start with a discussion of the two most prominent hyperbolic QTFR's, the Altes-Marinovic distribution and the Bertrand Po distribution. All hyperbolic QTFR's discussed are listed in Table IV together with the corresponding QTFR's of Cohen's class. Table V shows the QTFR kernels and the QTFR properties satisfied.
A. The Altes-Marinovic Distribution
The 
Bertrand distribution
J'x(t, f) = J Vx (ln(f;G(P)), 0) ejz*lfP dp the AD is not a member of the affine QTFR class. The AD is the only member of the HC that satisfies the hyperbolic chirp localization property P22. Several sets of other QTFR properties can alternatively be used to uniquely define the AD inside the HC, in the sense that the AD is the only member of the HC that satisfies these properties. One such property set consists of the marginal properties P, and Plo, the finite-support properties PS and P,*, unitarity P6, and real-valuedness P3 [32] . An alter- According to Table V , the AD satisfies all QTFR properties listed in Table I1 except for the conventional timeshift invariance property P15. Since PI, is not satisfied, native property set consists of the hyperbolic convolution property PI9 and the hyperbolic multiplication property P20, unitarity P,, and real-valuedness P3 [33]. The AD is perfectly adapted to the hyperbolic TF geometry, and indeed it can be considered as the "central" QTFR in the HC. Specifically, the hyperbolic properties PIO-Pl3 can be generalized to modified versions of the hyperbolic impulse defined as E,. ( f ) = f" H,. ( f ), with some power parameter a [8]. The AD satisfies the corresponding generalized hyperbolic properties for any power a. A second indication of the AD'S optimality is the result for the cross-AD of two hyperbolic impulses where which is a ' 'cross-version'' of the hyperbolic localization property PI1, and which states that the cross or interference term of two different hyperbolic impulses with hyperbolic parameters c1 and c2 is perfectly concentrated along the "mean hyperbola" t = cI2/f, along which it is oscillatory. A similar result is where which states that the cross-AD of two spectral lines
Dirac ridge at the geometric-mean frequency f i 2 = %.
Since the WD is known to feature perfect concentration in the case of linear FM signals (chirp signals) X(f) = e-JTap, an analogous result must hold for the AD. The frequency-warped version (W-'X) ( f ) of the linear-FM chirp signal can be shown to be (up to a constant factor)
is a "hyperbolic chirp rate" and U ( f ) is the unit step), whose group delay ( f / f , ) . The AD of the hyperbolic chirp signal defined above is indeed a Dirac ridge along the group delay curve t = T ( f),
This property suffices to uniquely define the AD inside the HC.
.
G(P) e J 2 T r f p do
where"
B. The Generalized Altes-Marinovic Distribution

P P t e-'/'
Many of the properties of the AD can be extended to 2 the family of hyperbolic QTFR's depending on a real-valued parameter a [22] The interference term concentration properties of the AD, (26) and (27), can be extended to the GAD, but with an a-dependent displacement of the interference term locations.
Two of the kemels of the BD are simple functions,
The BD satisfies many of the desirable properties listed in Table 11 . The main feature of the BD (from a HC viewpoint) is that the BD satisfies the conventional time-shift invariance property Pis. Thus, it is also a member of the affine QTFR class; indeed, it may be considered as the central QTFR inside the HC subclass that forms the intersection between the HC and the affine class [ 191, [2 I] . Inside the HC, the BD is uniquely defined by the timeshift invariance property PI5 and the hyperbolic marginal property Plo (or, equivalently. the hyperbolic localization From the viewpoint of the a 8 n e QTFR class, the BD is unique because of the hyperbolic properties it satisfies. Indeed, inside the affine class, the BD is uniquely defined by the hyperbolic time-shift invariance property PI and the hyperbolic marginal property P (or, equivalently, the hyperbolic localization property Pi I). Other property sets defining the BD are discussed in [6], [8] .
Since the BD is a prominent member of the HC, it is interesting to see to which member of Cohen's class the BD corresponds. Using the relation (23), the Cohen's class counterpart of the BD (abbreviated CBD in the folproperty PI 'It is interesting that the "affine Wigner distribution" proposed by Shenoy and Parks in [20] is essentially the BD. (In this context. we note that a factor p ( x ) is missing inside the integral in 120, eq. (16)].
X , , (~) P -~'~ -. where A,,@) and p , , ( p ) are the functions used in [XI.
C. The Bertrand Distribution
Another prominent member of the HC is the Bertrand 
The main feature of the CBD is the exponential time-shift invariance property P\s' (the Cohen's class counterpart of the time-shift invariance property in the HC). Indeed, inside Cohen's class, the CBD is uniquely defined by the exponential time-shift invariance property Pis) and the time-domain marginal property Pi:' (or, equivalently, the time localization property pry)).
where Tr ( t , f ) is the QTFR of the analysis wavelet.
As might be expected, the Cohen's class counterpart of the hyperbologram is the well-known spectrogram (the squared magnitude of the short-time Fourier transform) [117
where the spectrogram's analysis window, f ( f ) , is derived from the hyperbologram's analysis wavelet r ( f ) by the logarithmic frequency warping (10). Note that if r ( f ) is an analytic bandpass signal centered around f r (as we assumed), then f (f) Will be a lowpass signal centered zero frequency and thus a suitable Spectrogram analysis window.
D . The Hyperbologram
As a basis for a further hyperbolic QTFR, we first define the hyperbolic wavelet transform as the inner product The analysis wavelet r ( f ) is assumed to be an analytic bandpass signal concentrated around the reference frequencyf,. Note that HWTx(c, a ) is a linear signal representation which is analogous to the wavelet transform in (7), the difference being that the time-shift used in the wavelet transform is replaced by a hyperbolic time-shift. A TF version of the hyperbolic wavelet transform can easily be obtained through the substitution c = tf and a = ing occurs along hyperbolae t' = c / f ' with c = t f ,
F. The Smoothed Pseudo Altes-Marinovic Distribution
In order to obtain an additional smoothing component vertical to the hyperbolae, we extend the PAD by defining the smoothed pseudo Altes-Marinovic distribution (SPAD) VI. CONCLUSION We conclude this paper with a summary of the main results, a discussion of possible modifications, and a brief survey of further results on the HC.
A, Summary of Results
We have introduced the hyperbolic class (HC) of quadratidbilinear time-frequency representations (QTFR's). The HC has been derived from Cohen's class of shiftinvariant QTFR's by a "constant-Q warping'' procedure. This constant-Q warping converts the constant-bandwidth analysis of Cohen's class into a constant-Q analysis which is similar to that of the wavelet transform or the affine QTFR class. Alternatively, the HC may also be defined axiomatically as the class of all QTFR's which are invariant to hyperbolic time-shifts and time-frequency (TF) scalings of the signal. Thus, similar to Cohen's class and the affine class, the HC is based on two elementary unitary, linear signal transforms. One of the associated invariance properties, scale invariance, is also an axiom of the affine QTFR class, and indeed the HC differs from the affine class in that the conventional time-shift operator of the affine class is replaced by the hyperbolic time-shift operator. Although hyperbolic time-shifts are certainly more exotic than conventional time-shifts, they are better matched to the TF scaling operator since they commute with the scaling operator up to a phase factor.
While the constant-Q warping approach provides a motivation for the HC, the truly specific characteristic of the HC is its relation to a "hyperbolic TF geometry." This hyperbolic TF geometry is based on a hyperbolic signal expansion by which signals are represvted as superpositions of ''hyperbolic impulses" corresponding to hyperbolae in the TF plane. On a formal level, the hyperbolic signal expansion is equivalent to a version of the Mellin transform. The hyperbolic geometry is closely related to the TF scaling operator since the hyperbolic impulses are eigenfunctions of the scaling operator or, in other words, they are "Doppler-invariant" signals similar to the signals used by bats and dolphins for echolocation [17]. Thus, the hyperbolic TF geometry and the HC are specifically adapted to (nearly) Doppler-invariant signals and, in a stochastic framework, to self-similar processes like fractals or fractional Brownian motion [ 101.
The mathematical analysis of the HC is simplified by the fact that the constant-Q warping establishes a strict one-to-one correspondence between Cohen's class and the HC. Thus, the theory of the HC is formally a reformulation of the well-known theory of Cohen's class. In particular, there corresponds a hyperbolic QTFR, QTFR property, and QTFR subclass to any QTFR, QTFR property, and QTFR subclass, respectively, of Cohen's class (and vice versa) . Some Cohen's class QTFR properties (like real-valuedness, unitarity , and frequency localization properties) map onto themselves in the HC, while all properties related to time localization map onto "hyperbolic properties" that show the HC's relation to the hyperbolic T F geometry. Quite generally, the property correspondences indicate that a "good" or useful QTFR of Cohen's class will map onto a good or useful QTFR of the HC, and vice versa.
The HC can be viewed as a unifying framework for previous work done by others . It contains two prominent QTFR's previously proposed in the literature, namely, the Bertrand Po distribution (simultaneously a member of the affine QTFR class) and the Altes-Marinovic distribution (AD) corresponding to the Wigner distribution in Cohen's class. The Bertrand distribution's Cohen's class counterpart was seen to satisfy a specific exponential time-shift invariance. We have also defined several new hyperbolic QTFR's which correspond to important members of Cohen's class, namely, the generalized AD, the (smoothed) pseudo AD, and the nonnegative hyperbologram which is the squared magnitude of a hyperbolic wavelet transform and which corresponds to the spectrogram in Cohen's class.
Just as there exists a one-to-one mapping between Cohen's class and a dual correlative QTFR class, the HC is related to a correlative hyperbolic class of quadratic signal representations. Any correlative representation is derived from a central hyperbolic ambiguity function through a simple kemel multiplication. The HC was also shown to be related to a symmetric version of the wideband ambiguity function.
B. Modijications
We note that the HC may be modified and extended in several respects. Firstly, it may be redefined using the time-domain signal x ( t ) instead of the signal's Fourier transform X(f). The resulting class is formally different from our HC but has a similar interpretation. It is defined for causal signals which are zero for r < 0 (instead of analytic signals), and the hyperbolic impulse has instantaneous frequencyf = c / t ( t > 0) rather than group delay r = c / f ( f > 0). Obviously, all results derived here for the HC can immediately be reformulated for this "timedomain HC." The time-domain HC version is suited for the analysis of self-similar random processes [ 101. A second modification is the simple substitution bolic QTFR and T x ( c , f ) is a quadratic signal representation depending on the dimensionless hyperbolic parameter c and the frequency f (hence, Fx(c, f ) is not a TF representation). This defines a modified HC which, however, completely retains the structure of the HC. We note that the Q;distribution has originally been defined in this framework [13] , and that the ( c , f)-version of the Bertrand distribution has been considered in [20] . Of course, this modification may be combined with the first modification, which gives yet another version of the HC, consisting of quadratic signal representations T i ( c , r ) which depend on the hyperbolic parameter c and on the time t .
The "scale-invariant WD" [ 101, [ 181 has been defined in this setting, and the application of this HC version to selfsimilar random processes has been considered in [ lo] . In [37], Cohen introduced a general approach for obtaining joint representations using linear operator methods. Although none of the specific classes Cohen proposed in [37] is identical to the HC or a modified version of the HC," it is possible to obtain a HC version using the general linear-operator framework. Not surprisingly, it turns out that the linear operators that lead to the HC are unitarily equivalent [24] , via the frequency-warping operator W, to the linear operators underlying the classical Cohen's class. 
C. Further Results
We finally point out further results on the HC, some of which will be discussed in Part I1 of this paper [21] . The fundamental properties of regularity (reversibility of a QTFR) and unitarity (Moyal's formula) [34] have been studied in the context of the HC and the affine class in [35] . Implications of regularity and unitarity include a general method for least-squares signal synthesis and the application of regular hyperbolic QTFR's to optimum detection.
While general QTFR's of the HC are characterized by two-dimensional kernel functions, a one-dimensional kernel suffices for the characterization of the following subclasses of the HC.
The The "affine-hyperbolic subclass" [16] , [19] , [21] comprises all hyperbolic QTFR's which are time-shift invariant and which are thus also members of the affine QTFR class. This subclass forms the intersection of the affine class and the HC, and is part of both the localized hyperbolic subclass and the localized affine subclass. Any affine-hyperbolic QTFR can be derived from the Bertrand distribution (the central member of the affine-hyperbolic intersection class) via a frequency-dependent time convolution.
The "power-warp invariant subclass" is constituted by all hyperbolic QTFR's satisfying the power-warp invariance property PI4 (corresponding to scale invariance in Cohen's class). This subclass of the HC is the counterpart of the shift-scale invariant subclass of Cohen's class [4] , [6] , [23] , [29] , which is characterized by "product" kemels \kkC'(7, v) = S$"(TV). Any member of the power-warp invariant subclass is a superposition of generalized AD'S (the hyperbolic counterpart of the family of generalized WD's in Cohen's class).
We note that hyperbolic QTFR's cannot be implemented as easily as many QTFR's of Cohen's class. This is because their computation involves non-uniform discretizations which are not directly compatible with fast Fourier transforms. We are currently looking into the efficient computation of hyperbolic QTFR's. In particular, we expect that the fast Mellin transform [28] , [36] used to compute the wideband ambiguity function and various affine QTFR's can be applied to the computation of hyperbolic QTFR's as well.
APPENDIX
We want to show that the HC consists of all QTFR's satisfying the two invariance properties (24) or, in other words, that the structure given by the normal forms (12)- (15) is necessary and sufficient for (24). We fiist note that the two invariance properties may be combined as where the combined property is strictly equivalent to the individual invariance properties (24).
Since the AD Q x ( t , f ) satisfies Moyal's formula for analytic signals, it is unitary and regular. Setting, in particular, c = rfand a = f/fr yields Sincef, is a fixed reference frequency, the right-hand side is actually a two-dimensional function depending on t ft 'f' andflf', for which we have written 1c/T(tf -t 'f', In (flf')) (the logarithm is arbitrary but is included in order to obtain normal forms such that the QTFR kernels are identical, up to scalings, to the kernels of the corresponding Cohen's class QTFR). Note that the resulting form (A.4) is only necessary for the combined invariance property (A. 1) since we assumed c = t f and a = f/fr. However, inserting (A.4) in (A.3), we realize that (A.3) is satisfied and, hence, the form (A.4) is sufficient as well. Inserting the result (A.4) in (A.2) finally gives the Normal Form I11 of the HC, (14), and thus shows that the HC structure is necessary and sufficient for the invariance properties (24).
"For a strict proof that identity of two QTFR's entails the identity of their kernels, we would need to reformulate our discussion for the bilinear cross case rather than the quadratic auto case considered here. In the bilinear framework, the identity of the kernels is then necessary since Q , ( f , f ) is regular 1341.
